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A new turbulence model that is valid down to the solid wall has been developed. Although the general ap-
proach is similar to that of Jones and Launder, the detailed proposals are quite different. The Taylor series
expansion technique has been used to systematically study the proper behavior of the turbulent shear stress and
the kinetic energy and its rate of dissipation near a solid wall. The model was applied to the problem of a fully
developed turbulent channel flow and to a turbulent boundary-layer flow over a flat plate. Results were com-
pared with the model of Jones and Launder and with various experimental data. For the cases considered, the
present model compares well with the measurements and yields better predictions of the peak turbulent kinetic
energy than the model of Jones and Launder.

Introduction

BECAUSE of the recent tremendous increase in the
capability of digital computers, it has become possible to

model the turbulent processes using transport equations
derived from the Navier-Stokes equation. Since there are
more unknowns than the number of equations available, this
so-called closure problem has been handled with different
degrees of sophistication by various research groups (see, e.g.,
Ref. 1). The most popular class includes the two-equation
models in which two partial differential equations are used to
describe the development of the turbulent kinetic energy and
of a quantity related to the turbulence length scale. 2~5

However, the effects of the kinematic viscosity on the tur-
bulence structure were ignored in many of these treatments.
Consequently, the exact boundary conditions at the wall
cannot be used when the turbulence Reynolds number is not
high as, e.g., in flows with rapid expansions or near the
transition/turbulence interface.

The general goal of the present investigation was to develop
a single transport model from the Navier-Stokes equation for
accurate predictions of skin friction, heat transfer, and
fluctuating kinetic energy distributions in transitional and
turbulent flow regimes. As a first step toward this general
goal, a new turbulence model valid down to the solid wall is
formulated in this paper. Turbulence model equations which
provide predictions of the flow within the viscous layer ad-
jacent to the wall have been proposed by several in-
vestigators.3'4'6'7 Although the general approach of the
present model is the same as that of Jones and Launder,3 the
detailed proposals are substantially different. In the present
study, the Taylor series expansion technique was used to
systematically investigate the proper behavior of the turbulent
shear stress and the kinetic energy and its rate of dissipation
near a solid wall. The results were used in developing a new
turbulence model which retains the proper physical behavior
of the balance between the dissipation and the molecular
diffusion of the turbulent kinetic energy at the solid wall. The
model was applied to the problems of a fully developed
turbulent channel flow and of a turbulent boundary-layer
flow over a flat plate. Results on skin friction, the distribution
of mean velocity, turbulent shear stress, and turbulent kinetic
energy will be presented and compared with available ex-
perimental data and with the theory of Jones and Launder.

The Turbulence Model
The limiting form of the present model in regions where the

direct effect of viscosity on the turbulence structure is
negligible is the same as that of Jones and Launder3
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The turbulent (or eddy) viscosity is given by
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where CM =0.09, cl = 1.35, c2 = 1.8, and a= 1.3. The values of
cl and c2 employed here differ from those originally adopted
in Ref. 3 (1.55 and 2.0, respectively). The value of c2 quoted
here is taken from Hanjalic and Launder8 where it is deduced
from the decay of high-Reynolds-number grid turbulence
data. Since the production and dissipation rates of turbulence
energy are nearly in balance in wall flows, the difference
between the constants cl and c2 is important. The value of cl
used here is obtained by keeping this difference the same as
that of Ref. 3. The usual boundary-layer approximations have
been made in Eqs. (1) and (2) where D/Dt is the substantial
derivative, x and y are, respectively, the coordinates parallel
and normal to the solid wall, and u the velocity component in
the x direction. The quantities k and e are, respectively, the
kinetic energy of turbulence and the "isotropic" dissipation
(where the summation convention is adopted)

(5)
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which i's not the true rate of energy dissipationl

D=vsij'sij' (6)

where sij' = [(duj/dXj) + (duj/dXj)]/2. At high Reynolds
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numbers, D = e because the small-scale turbulence is then
isotropic.

To develop a model that will provide predictions of the flow
down to the solid wall, the form of the model described in
Eqs. (1-4) needs to be modified in several ways. Following
Jones and Launder,3 the kinematic viscosity is added to the
turbulent diffusivity in Eqs. (1) and (2) to account for the
molecular diffusion of k and e, respectively. Furthermore, the
dissipation term in Eq. (2) is modified to fit the data of the
decaying homogeneous grid turbulence at both high and low
Reynolds numbers, although the particular form used is that
of Hanjalic and Launder.8 The effect of the presence of the
solid wall is handled differently. Consider a Taylor series
expansion for the fluctuating velocity components near the
wall, y = 0. Because of the no-slip boundary condition and the
continuity equation for an incompressible fluid, one ob-
tains7'9'10

k~y2

~3

,(7)

(8)

A Taylor series expansion of Eq. (2) near y =0 indicates that
the "isotropic" dissipation

e~yN (9)

with the integer 7V>1. Since the molecular diffusion of k is
finite at y = Q as can be seen from Eq. (7), an additional term
which represents the true finite rate of energy dissipation at
the wall is needed to balance the molecular diffusion term.
Substituting the Taylor series of the fluctuating velocity
components into Eq. (6), one may obtain at y = 0

D=2vk/y2 (10)

where v is the kinematic viscosity. It is obvious from Eqs. (7)
and (10) that D is indeed equal to the molecular diffusion at
.y = 0. The right hand side of Eq. (10) will be termed the
"wall" dissipation. It is assumed that the dissipation term in
the turbulent kinetic energy equation at finite values of y is
given by e + (2vk/y2). Therefore, the low-Reynolds-number
form of Eq. (1) is written as follows
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In essence, the low-Reynolds-number e-equation of Jones
and Launder3 is equivalent to choosing the exponent Nin Eq.
(9) to be unity. Therefore, the dissipation term of the high-
Reynolds-number e-equation, being now finite at j = 0,
balances the molecular diffusion term at the wall. In addition,
since the limiting form for vt as the direct effect of viscosity is
negligible is given by Eq. (4), Eq. (8) is automatically
satisfied. However, they found it necessary to add an em-
pirical term (which vanishes at y = 0) to the e-equation and to
multiply Eq. (4) by an empirical function (which varies
between e~2-5 at y = Q and 1 at high turbulence Reynolds
numbers).

In the present paper, Eq. (4) is modified to include only the
"damping" effect due to the presence of the solid wall

vt = c (k2/e)[l-e\v(-c3u*y/v)] (12)

where w* is the friction velocity and c3 a constant. In ad-
dition, we note that the turbulence length scale ~ks/2/e -y in
the fully turbulent "logarithmic" region near a solid wall.
This relation is assumed to hold even in the viscous sublayer
so that Eq. (12) is consistent with Eq. (8). In other words, the
exponent Win Eq. (9) is chosen to be 2. This is accomplished
by adding in the high-Reynolds-number e-equation a "wall"

dissipation term that is similar in form to Eq. (10), namely,
(2i>e/y2)e\p[-(c4u*y/v)], where c4 is another constant.
Therefore, the low-Reynolds-number form of Eq. (2) is
written in the following form:

De de du V

where8

1.8

(13)

(14)

Expanding the above equation near y = 0, one may confirm
that the behavior e~y2 is achieved and the "wall" dissipation
exactly balances the molecular diffusion aty = 0.

In summary, our new model of turbulence is assumed to be
governed by Eqs. (11-13) with two new constants c3 and c4.
Before testing the present modeling and fixing the numerical
values of c3 and c4 by considering the problem of a fully
developed channel flow, we shall first briefly describe the
numerical procedure employed.

Numerical Procedure
Each of the governing equations can be written in the

following form:

dy dy\~ dy ' ' ~ ' - (15)

For example, for Eq. (11) the choice of the coefficients can be

a = u (16)

b = v (17)

c=v + vt (18)

d=-e (19a)

- '• '• '"V 2" (20a)

Equation (15) is approximated by a second-order accurate,
two-station, six-point central difference scheme. Conditions
at the first x station are known and those at the second station
Ax: downstream are sought. The detailed equations can be
found in Ref. 11. To better resolve the rapid variations oc-
curring near the wall, a special nonuniform mesh distribution
in the y direction is used which still allows us the usage of the
central difference formulas for uniform mesh. This is ac-
complished by employing the procedure of using m1 intervals
of mesh size Ay starting from the wall, continued with m2
intervals of mesh size 2Ay, and then continued with m3 in-
tervals of mesh size 4Ay, and so on. At the interface of dif-
ferent mesh sizes, say point m, the derivatives with respect to
y are approximated by central finite-difference formulas
using points m- 2, m and m + 1 and the corresponding mesh
size/Typically, 8 such regions with a total number of more
than 100 grid points are used. Growth of the boundary layer is
allowed for by adding points in the y direction when needed.

Equations are decoupled and the coefficients of each
difference equation are known during the iterative procedure
so that the system of difference equations is in the tridiagonal
form which can be solved very efficiently using the standard
Gaussian two-step elimination procedure.12 A complete
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solution is obtained by iteration. Results at the previous x-
station are used initially to start the calculation and the
iterative procedure is continued until converged.

The diagonal dominance condition12 of the tridiagonal
system of difference equations may impose a condition on the
mesh size in the x direction, Ax. As shown in Ref. 11, the
crucial factor is the sign of the coefficients a and e of Eq. (15).
For the problems considered in the present paper, there is no
flow separation (a = u>0) and the diagonal dominance
condition imposes a condition on the maximum Ax allowed

Ax<2a/e (21)

if e>0; but there is no restriction on Ax: (assumed positive) if
e<0. n Comparing Eqs. (13) and (15), it is obvious that the
coefficient e for the e-equation is always negative. Therefore,
we need to concentrate on the ^-equation only. From Eq.
(20a), e is negative near the wall but becomes positive when
energy production exceeds the 'Vail" dissipation. Since
energy production reaches its maximum near the outer edge of
the viscous sublayer and u increases monotonically in >>, the
minimum of the right hand side of Eq. (21) occurs in the outer
portion of the viscous sublayer.

The corresponding choice of the coefficient e for the k-
equation of Jones-Launder model is

Clearly, its behavior is somewhat similar to Eq. (20a) of the
present model. For the cases considered in the present paper,
calculations indicate that the maximum value of Ax which
satisfies the diagonal dominance condition across the whole
boundary layer (henceforth denoted by Axm) of their model is
about two-thirds of the present model.

It should be pointed out that the choice of the coefficients
made above is not unique. In fact, a better choice can be made
by noting that since the "wall" dissipation term in Eq. (11)
and the corresponding term of Jones-Launder model are
negative, the diagonal dominance condition is always satisfied
if the production term is lagged behind during the iterations,
i.e., by setting

, d=vt(du/dy)2-e

For the present model, the term e is thus

e=-(2v/y2)

and for the Jones-Launder model, it becomes

2v2v(dk'/2\,e= -— [—— }k V dy /

(19b)

(20b)

(22b)

As shown in Ref. 11, these new choices of the coefficients of
Eq. (15) have resulted in a large increase in Axm. Using an
identical nonuniform mesh distribution as described before,
this increase is a factor of 28 and 10 for the present and Jones-
Launder models, respectively.

Fully Developed Channel Flow
Equations (11-13) have been applied to the study of tur-

bulent flow between two parallel plates driven by a constant
pressure gradient. The plates are separated by a distance 2Hm
the y direction and the mean flow is in the x direction.
Therefore, the continuity equation is automatically satisfied
and the momentum equation reduces to

--dy
, (H-y)
* H

One may nondimensionalize the equations through the
substitutions

y=y/H, u = = k/ui, e =

For convenience, the tilde notation is suppressed and it is
understood that from now on all variables are dimensionless.
Since k and e depend only on y for a fully developed flow, the
governing equations become

dy

dy
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where Re =u*H/v. The usual laboratory Reynolds number
Re is based on the maximum mean velocity on the channel
centerline and is related to Re by

Re = u(l)Re

At y = 0, the boundary conditions are

u=k=e=0

and at y - 1 ,
dk
dy

de
dy = 0

(29)

(30)

(31)

(23)

Of course, it is also required that k/e be bounded at y = 0.
The above set of equations was solved by the numerical

procedure described before, with Eqs. (16) and (17) being
replaced by a- 1 and b = Q. Calculations were continued in x
until the final "steady-state" solutions were obtained. Results
were found to be quite insensitive to the particular value of c4
chosen. Therefore, c4 = 0.5, which was used in our
preliminary study,10 is kept unchanged. The sensitivity of the
predicted values to the choice of c3 is more moderate. For
example, for Re between 4100 and 30,800, a decrease of c3
from 0.0115 to 0.01 has resulted in about 4% reduction in the
skin friction cf and about 5 % increase in the peak turbulent
kinetic energy. Its effect on other quantities is smaller.

The defect velocity based on c3 =0.0115 is shown in Fig. 1
for /te = 4100 and 30,800. Also shown are the measurements
of Laufer13 at Re = 30,800, of Clark14 at a slightly higher Re
( = 32,500), and of Eckelmann15 at #£ = 4100. When the data
are plotted in this form, as one would expect the defect
velocity distribution is indeed independent of Re in the major
part of the flow that is not too close to the solid wall. Present
theory is seen to agree with the data not only in this part of the
flow, but also across the entire channel.

The turbulent shear stress distribution of the present
prediction is compared with the measurements of Laufer13 in
Fig. 2 at Re= 12,300 and 30,800. The agreement is again very
good.

A more critical evaluation of the present model is a com-
parison of the turbulent kinetic energy distribution in the
near-wall region. Such a comparison is best depicted using the
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classical stretched nondimensional distance from wall y + . In
addition to the channel measurements of Refs. 13, 14, and 16,
the pipe flow data of Laufer17 and that of Schildknecht et
al.18 are also included in Fig. 3. The largest value of y + of the
data of Ref. 18 used here corresponds to (R-r)/R~ 0.06
(where R is the pipe radius and r the radial distance) where the
curvature effect present in the pipe flow is expected to be
small. Results of Ref. 16 are of high accuracy in the inner
layer of the flow since measurements were made in an oil
channel where a very thick viscous sublayer is produced. Also
shown in Fig. 3 are the present predictions at /?e = 3850,
15,200, and 30,800, respectively. Because of the large amount
of scatter among all of the data, a definitive conclusion on the
accuracy of the present theory is difficult to draw. The present
model yields predictions that seem to capture the general
shape and lie within the band of the data.

To provide a proper perspective, calculations based on the
turbulence model of Jones and Launder3 (JL) have also been
carried out. The corresponding turbulent kinetic energy

DATA
Q LAUFER- RE = 30800
A CLARK - 32500
X ECKELMANN - 4100

results are compared with the same set of experimental data in
Fig. 4. It is clear that the degree of agreement here is worse
than that shown in Fig. 3.

A more definitive evaluation of the present model in the
near-wall region is provided in Fig. 5 where the present
turbulent shear stress prediction is compared with the
measurements of Laufer, 13>17 Eckelmann,15 and Schildknecht
et al.18 Although more data at larger values of y+ for
Re = 4100 would be highly desirable, the predicted behavior of
an essentially no Reynolds number effect aty + < 10 and the
strong Reynolds number effect at larger values of y + is seen
to be qualitatively and quantitatively verified by the data.

Turbulent Flow over a Flat Plate
Equations (11-13) with the same constants have also been

applied to the problem of a turbulent boundary-layer flow
over a flat plate. These equations and the continuity and the

*
ID

DATA
x LAUFER - RE=30800
+ LAUFER - 12300
• CLARK - 27600
0 CLARK - 15200
A KREPLIN,ECKELMANN - 3850
o LAUFER CPIPE) - 25000
* SCHILDKNECHT CPIPE) - 10550

- RE=30800
2 - RE=15200
3 - RE=3850

Y/CHANNEL HALFWIDTH
Fig. 1 Velocity distribution across the two-dimensional channel.
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' YPLUS
Fig. 3 Comparison of turbulent kinetic energy data near the channel
wall with the present theory.
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DATA
0 LAUFER - RE =30800mN
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0
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Y / C H A N N E L HALFWIDTH
Fig. 2 Turbulent shear stress distribution across the channel.

0

Legend as in Fig. 3

0 20 40 60 80 100

YPLUS
Fig. 4 Comparison of turbulent kinetic energy data near the channel
wall with the theory of Jones and Launder.
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momentum equations were solved by the same numerical
procedure described before. The calculated distribution of the
skin friction cy as a function of the Reynolds number based on
the momentum thickness Ree is compared with the
measurements of Smith and Walker19 and Wieghardt and
Tillmann,20 and with the correlation formulas of Coles21 and
Karman and Schoenherr22 in Fig. 6. The agreement is seen to
be extremely good.

The calculated nondimensional velocity u + ( = u/u*) at
Ree = 7700 is plotted against y + in Fig. 7. Also shown are the
measurements of Klebanoff23 at the same R^ and those of
Wieghardt and Tillmann20 at Ree = lllQ and 8170, respec-
tively. It is clear from Fig. 7 that the agreement is very good.

The distribution of the turbulent kinetic energy (normalized
by the freestream velocity squared) across the flat-plate
boundary layer as predicted by the present model at
/?e0 = 7700 is compared in Fig. 8 with Klebanoff's data23 at
the same Reynolds number (y = 0 is at the wall and y/d = 1 is at
the boundary-layer edge). The theory predicts a very sharp
increase of the turbulent kinetic energy from zero at the wall
to a peak at y/d * 0.0089, and then an almost equally rapid
drop followed by a much slower decline. Although
Klebanoff's data do not locate the peak exactly, the
agreement with the theory is very good.

Calculations using the same numerical scheme but based on
the JL model3 have also been carried out. To reduce the
computational cost, the results of the JL model shown here
have been started at Ree = 5250 using the results of the present

25008
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DATA
A LAUFER - RE = 25000
x LAUFER - 12300
0 SCHILDKNECHT - 10550
+ ECKELMANN - 4100

0 20 40 60 80 100

YPLUS
Fig. 5 Turbulent shear stress distribution near the channel wall.
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——— PRESENT MODEL
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3.3

103Cf

3.0

2.7

model at that location as the initial conditions. The influence
of the initial conditions died down rather quickly and the
calculated cf distribution is also included in Fig. 6. It is seen
that the agreement is quite good, although the JL model yields
a prediction that is slightly lower than the data and the present
theory. The calculated u + distribution at Re0 = 7700 based on
the JL model, as shown in Fig. 7, is in good agreement with
the present model and with the data. On the other hand,
similar to the channel flow results, the turbulent kinetic
energy distribution of the JL model as shown in Fig. 8 is seen
to yield a peak value that is considerably lower than both the
measurements and the present theory.

Conclusion
A turbulence model that is valid down to a solid wall has

been developed and applied to the channel flow and bound-
ary-layer flow. Comparisons between the present theory and
the various experimental measurements have been made and
good agreement has been found in general. Calculations
based on the Jones-Launder model indicate that its prediction

30

20

Q_
ID

10

DATA
A KLEBANOFF- Ree=7700

WIEGHARDT & TILLMANN
X Re* =7170
+ Ree = 8170

.10 100 1000 10000

YPLUS
Fig. 7 Velocity distribution across the boundary layer.

Ree = 7700
A KLEBANOFF DATA
1 PRESENT THEORY
2 J - L THEORY

V3*/ • '

Fig. 6 Flat-plate skin friction distribution.

0 .2 , A .6 .8 1.0

Y/DELTA
Fig. 8 Turbulent kinetic energy distribution across the boundary
layer.
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of the peak turbulent kinetic energy and its numerical ef-
ficiency are inferior to the present model.
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